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Abstract: Let G bea connected graph of order n, and NC2(G) denote min{|N(u)UN(v)| : 
dist(u,v) = 2}, where dist(u,v) is the distance between u and v in G. A cycle C in G is 
called a dominating cycle, if V(G)\V(C) is an independent set in G. In this paper, we prove 
that if G contains a dominating cycle and 6 > 2, then G contains a dominating cycle of 
length at least min{n, 2NC2(G) —1} and give a family of graphs showing our result is sharp, 
which proves a conjecture of R. Shen and F. Tian, also related with the cyclic structures of 


algebraically Smarandache multi-spaces. 
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§1. Introduction 


All graphs considered in this paper will be finite and simple. We use Bondy & Murty [1] for 
terminology and notations not defined here. 

Let G = (V,E) be a graph of order n and C be a cycle in G. C is called a dominating 
cycle, or briefly a D-cycle, if V(G)\V(C) is an independent set in G. For a vertex v in G, the 
neighborhood of v is denoted by N(v), and the degree of v is denoted by d(v). For two subsets 
S and T of V(G), we set Nr(S) = {uv € T\S : N(v) NS 4 O}. We write N(u,v) instead of 
Nya) ({u, v}) for any u,v € V(G). If F and H are two subgraphs of G, we also write Np(H) 
instead of Nv) (V(4)). In the case F = G, if no ambiguity can arise, we usually omit the 
subscript G of Nc(H). We denote by G[S] the subgraph of G induced by any subset S of V(G). 

For a connected graph G and u,v € V(G), we define the distance between u and v in 
G, denoted by dist(u,v), as the minimum value of the lengths of all paths joining u and v in 
G. If G is non-complete, let NC(G) denote min{|N(u, v)| : wv € E(G)} and NC2(G) denote 
min{|N(u,v)|: dist(u,v) = 2}; if G is complete, we set NC(G) = n—1 and NC2(G) =n-1. 

In [2], Broersma and Veldman gave the following result. 


Theorem 1([2]) If G is a 2-connected graph of order n and G contains a D-cycle, then G has 
a D-cycle of length at least min{n,2NC(G)} unless G is the Petersen graph. 


For given positive integers n1,ng and nz, let K(ni1,n2,n3) denote the set of all graphs 
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of order ny + n2 + ng consisting of three disjoint complete graphs of order n1, nz and ns, 
respectively. For any integer p > 3, let J;° (resp. 73°) denote the family of all graphs of order 
2p +3 (resp. 2p + 4) which can be obtained from a graph H in K(3,p,p) (resp. K(3,p,p+1)) 
by adding the edges of two triangles between two disjoint triples of vertices, each containing 
one vertex of each component of H. Let J, = {G:G is a spanning subgraph of some graph in 
Ji} and % = {G:G is a spanning subgraph of some graph in 75}. In [5], Tian and Zhang 
got the following result. 


Theorem 2([5]) Jf G is a 2-connected graph of order n such that every longest cycle in G 
is a D-cycle, then G contains a D-cycle of length at least min{n,2NC2(G)} unless G is the 
Petersen graph or GE KU. 


In [4], Shen and Tian weakened the conditions of Theorem 2 and obtained the following 
theorem. 


Theorem 3((4]) Jf G contains a D-cycle and 6 > 2, then G contains a D-cycle of length at 
least min{n, 2NC2(G) — 3}. 


Theorem 4((6]) If G contains a D-cycle and 6 > 2, then G contains a D-cycle of length at 
least min{n, 2NC2(G) — 2}. 


In [4], Shen and Tian believed the followings are true. 


Conjecture 1 IfG satisfies the conditions of Theorem 3, then G contains a D-cycle of length 
at least min{n, 2NC2(G) — e(n)}, where e(n) = 1 ifn is even, and e(n) = 2 if n is odd. 


Conjecture 2 If G contains a D-cycle and 6 > 2, then G contains a D-cycle of length at 
least min{n, 2NC2(G)} unless G is one of the exceptional graphs listed in Theorem 2. And the 
complete bipartite graphs Kmm+q (q > 1) show that the bound 2NC2(G) is sharp. 


In this paper, we prove the following result, which solves Conjecture 1 due to Shen and 
Tian, also related with the cyclic structures of algebraically Smarandache multi-spaces (see [3] 
for details). 


Theorem 5 If G contains a D-cycle and 6 > 2, then G contains a D-cycle of length at least 
min{n, 2NC2(G) — 1} unless Ge J. 


Remark The Petersen graph shows that our bound 2NC2(G) — 1 is sharp. 


§2. Proof of Theorem 5 


In order to prove Theorem 5, we introduce some additional notations. 

Let C be acycle in G. We denote by CG the cycle C with a given orientation. If u,v € V(C), 
then uCv denotes the consecutive vertices on C from u to v in the direction specified by 
C. The same vertices, in reverse order, are given by vCu. We will consider uCv and vCu 


pat 
both as paths and as vertex sets. We use ut to denote the successor of u on C’ and u~ to 
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denote its predecessor. We write ut? := (ut)* and u~? := (u~)~, etc. If A C V(C), then 
At = {vt :u © A} and A~ = {v” :v € A}. For any subset S of V(G), we write NT(S') and 
N~(S) instead of (N(S))* and (N(S))7 respectively. 


Let G be a graph satisfying the conditions of Theorem 4, i.e. G contains a D-cycle and 
6 > 2. Throughout, we suppose that 


——G is non-hamiltonian and C is a longest D-cycle in G, 
—|V(C)| < 2NC2(G) — 2, 

—R=G\V(C) and wz € R, such that d(x) is as large as possible. 
First of all, we prove some claims. 


By the maximality of C and the definition of D-cycle, we have 
Claim 1 N(x) CV(C). 
Claim 2 N(xz)N Nt (x) = N(x) N N- (az) = 9. 
Let v1,v2,...,Urk be the vertices of N(x), in cyclic order around G. Then k > 2 since 


6 > 2. For any € {1,2,...,k}, we have v;* ¥ vi41 (indices taken modulo k) by Claim 2. Let 
=> 
uj = vf, wi = Vj,, (indices taken modulo k), T; = ujCwi, ti = |T)]. 


Claim 3) Nr(yi)A Nr(y2) = 9, if yi, yo © N*(x) or y1, yo € N~(z).In particular, Nt (x) 
N(uj) = N7(#) 9 N(w;i) = 0. 


For any 7,7 € {1,2,...,k}(¢ #7), we also have the following Claims. 
Claim 4 Each of the followings does not hold : 


(1) There are two paths P,[w;,z] and P[ui,z~], (z € 04410) of length at most two 
that are internally disjoint from C' and each other ; 


(2) There are two paths P,[w,;,z] and Pa[u;,z*] (z € 0341C'%;) of length at two that are 
internally disjoint from C and each other ; 


(3) There are two paths P,[u;, z] and P2[u;, zt] (z€ uf Cu) of length at most two that are 


internally disjoint from C and each other, and similarly for P[u;,z] and P2[u,;,z~] (z € ut Cv;). 
Claim 5 For any v € V(G), we have dr(v) < 1. 


If not, then by Claim 1, there exists a vertex, say v, in C such that dr(v) > 1. Let 
1,22 € Nr(v), then |N(a1,x2)| > NC2(G). 

First, we prove that |N (1,272) M N*(a1,22)| < 2. Otherwise, let yi, ya and y3 be three 
distinct vertices in N(x1,22)M Nt (21,22). By Claim 2, we know y; € N(a1)M N*(a2) or 
yi € N(a2)N N* (a1) for any i € {1,2,3}. Thus, there must exist i and j (i 4 j,i,9 € {1,2,3}) 
such that y;,y; € N(x1) Nt (a2) or yi,y; € N(a2) MN N*(a1). In either case, it contradicts 
Claim 3. So we have that |N(21,22)N Nt (21, 22)| < 2. 
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Now we have 


[V(C)| = |N(21,22) UN* (a1, 22)| 
> 2|N(x1,22)| — 2 
> 2NC2G) — 2, 


so V(C) = N(a1,22) U Nt (21,22) by assumption on |V(C)|, and in particular, N(a1, x2) M 
N* (21,22) = {y1, yo}.Therefore y, € N(a#1) A Nt (x2) and yo € N*(a1)N N(22). 

Now, we prove that dr(vt) < 1,dr(v~) < 1. If not,suppose dy(v~) > 1, let 21,22 € 
Nr(v—), by Claim 1 and V(C) = N(a1, 22) U NT (a1, 22), N(21, 22) C Nt (x1, 22), 80 we have 
x1 (or 22) € N(v~?). Using a similar argument as above, we have z; (or 22) € N(v~3), which 
contradicts Claim 3. Thus, we have dr(v—) < 1; similarly, dp(v*) < 1. 

Now, we consider N(xr2,v~) U N~(a1,v7).Since dist(z2,v-) = dist(z1,v*) = 2 and 
|N(x2,v0~)| > NC2(G),|N~(a1,07)| = |N(21,v07)| > NC2(G). We prove that |No(a2,07) 
NG (e1,vt)| <1. Let z € {Ne(at2, 07) NG (21, v7) }\{y7 }- 


We consider following cases. 


(i) Letze ui Cup if zg € E(G) and 2,27 € E(G), or zg € E(G) and vtz* € E(G), 
or v-z € E(G) and x1z27 € E(G), each case contradicts Claim 3; if v-z € E(G) and vtzt € 
E(G), then C’ = iyo C CztutCz- Cyorava is a D-cycle longer than C,a contradiction. 

(ii) Let z € yt Cyz? , if waz € E(G) and x27 € E(G), or wz € E(G) and vtzt € 
E(G), both contradict Claim 3; if v-z € E(G) and 22+ € E(G), it contradicts Claim 3; if 
va, € E(G) and ztvt € E(G), then C’ = ayyi Cu zCutzt Cyr ave is a D-cycle longer 
than C, for z € vCyy: and C! = ayy Cotzt Cv-zC yoaguay is a D-cycle longer than C for 
ZE yoCu-. 

So, we have |No(a2,07)N No (#1,0*)| oak Moreover, ¥1, ¥3 ¢ N(ao,v_) UN7 (a1, v7). 
Otherwise, if y; € N(v~), then C’ = ayyy Cyiu” Cyx2y, Cur, is a D-cycle longer than C. 
By Claim 2, y, € N(a2) U N~ (a1, v7), so we have y, ¢ N(a2,u~) UN~(a1, vt). By Claims 1 
and 3 we have ys ¢ N(x2,v_) U N~ (21, vt). Thus, we have 


|V(C)| = |No(#2,07) UNG (a1, 0°)| +2 
> |No(x2,v~)|+|Ne (21, 07)| —14+2 
= |N(a2,07)\Nr(a2,v-)| + |N(21,07)\Nar(a1,07)| +1 
> 2NC2(G)—-2+4+1 
= 2NC2(G)-1, 


a contradiction with |V(C)| < 2NC2(G) — 2. So, we have dr(v) < 1, for any v € V(G). 
Claim 6 ft; > 2. 


If ¢; = 1 for all of 7, then Ne(u;) = @ for all of 7 (if not, let z € Ne(u;) for some i, by 
Claim 1 and Claim 5 N(z) C V(C) and u;z € E(G) for some j. then, z € Nr(ui)N Nr(u;), 
a contradiction). Then N(u;)M Nt(ui) = 0( otherwise, y € N(ui)M N*(u;), then C’ = 
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LUj41 Cy Uy C vit is a D-cycle longer than C). Moreover, we have N(x) Nt(x) = @ by 
Claim 2, Nt (2) A N(u;) = N*(uj) A N(x) = @ by Claim 3. Hence, N(x, uj) A N*(2,u;) = 0. 
So we have 

|V(C)| > |N(2,u;) U NT (a, u;)| > 2|N (2, u;)| > 2NC2(G), 
a contradiction. So we may assume t; = 1 for some 2, without loss of generality, suppose t; = 1 
and Nr(w,) #0. Let y € Nr(wz), choose y; € N(y) such that N(y)M (yt Cw;) =). Using a 
similar argument as above and dr(ui) < 1, by Claim 5, we have 


|[V(C)| =|No(z,u1) UNA (z, u1)| > 2NC2(G) — 2. 


So V(C) = No(z,u1) U N&(a,u1). Similarly, we know that V(C) = Nco(zx,u1) U Ne (a, u1). 
Moreover, uiw, € E(G). If lyt Cuz | = 1, then C’ = xv2CyywRwy uivie is a D-cycle longer 
than C, a contradiction. So we may assume that lyt Guy | > 2. 

Now, we consider No(y, yj?) U NG (a, u1). Since dist(y, yj) = dist(x,u1) = 2, |N(y, yf | > 
NC2(G), |N~ (zx, ui)| = |N(x, u1)| > NC2(G). Moreover, we have v1, v2 ¢ No(y, yf JUNG (a, u1) 
and Ne(y, yi) A No(a,u1) © {we}. In fact, v1 ¢ N(y, yi) by Claims 3 and 5, if v1 € 
N~(a,u1), then vfx € E(G) or viu, € E(G), which contradicts to Claims 2 and 3. So 
v1 ¢ Noy, yf UNG (2, us)sif v2 € No(y, yi), then veyt € E(G) by Claim 5, which contradicts 
to Claim 4. If v. € NG(a#,u1) then vf € N(z,u1), which contradicts to Claims 2 and 3. So 
v2 € Nc(y,y~) U Ne (x, u1). Suppose z € No(y, yf) NG (x, u1)\{we}. Now, we consider the 
following cases. 

(i) zeE vCyz. If yz € E(G) and xzt € E(G), then, it contradicts to Claim 3. Put 


— — 
yzC verry uz Cwry if yz € E(G)andu,z* € E(G); 
C= vzt Cyyw, Cyt Cue if yf z € E(G) andzzt € E(G); 
LV2 Ceyt Cwnyy OC ztuwix if yf z € E(G) and wzt € E(G). 


(ii) zeE ywCw;, then z € N(yj') since N(y)N (yt Cwz) = 0. Let zyf € E(G) and zt € 
No(z,u1). Since V(C) = No(2,u1) U NG(a,u1), So yf € No(a,u1) U No (2, u1). If uyf € 
E(G) then C’ = ave Cy yw, Cyt urna is a D-cycle longer than C , a contradiction; if ry € 
E(G), then it contradicts with Claim 3. Then, yj € N~(a,u1). If z+ € E(G) and yf?a € 
E(G), then it contradicts to Claim 3; Put 


cyt? Czyt Curzt Cre if yf?2 € E(G) and wzt € E(G) 
Po => an ae ee p42 m 
C= amCyfzCyf"uCzta if y{“ur € E(G) and xzt € E(G) 
=> = 15 < ep 42 " 
rvpzCy} zCy}-uiz7 Cue if yf*u, € E(G) and uyzt € E(G). 


, 


, 


In any cases, C’ is a D-cycle longer than C, a contradiction. Therefore, v1, v2 ¢ No(y, yj )U 
No (2, v1), Ne(y, yt) MN NG (a, u1) C {we}. Hence, we have 


IV(C)| = NeW. yt) UNE (21, u1)| +2 


> |Noly, yr) +|NG (a1, u1)| -14+2 
= |NQyut)\Nay,yi)| + IN (a1, 41)\Ne(a1,t1)| +1 
> 2NC2(G)—24+1 

2NCAG) — 1, 
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a contradiction with |V(C)| < 2NC2(G) — 2. 
Claim 7 If US, Nr(yi) < 9, then Ne(y:) #0 for all i € {1,2,...,k}, where y; = ui (wi, 


respectively). 

If not, without loss of generality, we assume that Np(ui) 4 @ and Nr(ux) = 0. Suppose 
x, € Nr(uz) and y € N(a#1) (y #4 uz). Then dist(x1,y*) = dist(x1,y~) = 2 and |N(a1,y*)| > 
NC2(G), |N(x1,y7)| = NC2(G). 


Case 1 N(21)N (uf Crp) = 0. 


If not, we may choose y,y € N(a1)M (ut Cvx), such that N(a1) (ut Cy7) =. We 
define a mapping f on V(C) as follows: 


v ifve upCy7; 
fv) =< vt ifve yOwr-1; 
y ifv vg. 
Then |f(No(x,ux))| = |Ne(x, ux)| = |N (x, ux)| > NC2(G) by Claim 1 and the assumption 
Nr(ux) = @. Moreover, we have f(No(2,uz)) A N(21,y7) © {we, ui}. In fact, suppose that 
z € f(Ne(a,un)) AV N(a1,y~)\{we, ui}. Obviously, z 4 v1,y~ by Claims 2 and 4. Now we 


consider the following cases. 
as 
(i) Ifze urCw,, then z € NG(ux) since N(x) (upC wx) = 0. Put 


ai inet Cra, Cu,212 C tig if az € E(G); 


ugzt Cuan, yr Cy-zCup if y~z € E(G). 


(iz) Ifze€ ut Cy-2, then zy~ € E(G) since N(x1)N (uf Cy-) =). Put 


UL Cry Cztav, Cyr if zz* € E(G); 


C= 
U1 Czy- Cztup Cuzu, C yriur if upz? € E(G). 


sak 
(itt) If z € yt Cug, we put 


Wele her on ifez— € E(G) and x12 € E(G); 
ee Cy 2Cnez Cyn if wz— € E(G) and y~z € E(G); 

uyCz~upC vy cu, C 201 U4 if upz € E(G) and 212 € E(G); 

U1 Cy-zCunarrr Cue” Oyriu if upz— € E(G) and y~z € E(G). 


In any cases, C’ is a D-cycle longer than C, a contradiction. Therefore, we have f(No(a, uz))M 
N(a1,y_) C {we, ui}. By Claims 2 and 4, we have uy ¢ N(a,uxz) and v; ¢ N(x1,y~). Then 
v1 € f(No(a,ux)) U N(a1,y7). Hence, by Claim 6 we have 


V(C)| = |f(Ne(a, uz)) U No(z1,y7)| +1 
> |f(Ne(a,uz))| +|Ne(ai1,y)|-24+1 
> 2NC2(G) 2. 
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So, we have V(C) = No(a1,y_) U f(Ne(a, ux)) U {v1}, Ne(a1,y~) 9 f(Ne(a, ur)) = 
{w, ui}. Hence, y~wr € E(G) and uzut € E(G) since t; > 2. 

Now, we prove that Nr(y~) = 9. If not, there exist yi € Nr(y~),2 © Ne(y1) (2 #y7) by 
Claim 1 and 6 > 2. 


Subcase 1 N(y1)M (uy Cy?) =o. 


If not, we choose z € N(y1), such that N(y1)M (2+ Gy?) =). Therefore we can define a 
mapping f; on V(C) as follows: 


uv. ifve ut Czt; 
w) ut ifve zt2Cun 43 
a= zt? ifu=up; 
zt if v = up. 


Using an argument as above , we have | f(No(x, ux)| => NC2(G). Moreover, we have z*, 11, y ¢ 
Ne(yi,2*) U fi(No(a, ux)) and No(y1,2+) 9 fi(Ne(a, ur)) © {2*?, y~, we}. Clearly, zt ¢ 
No(y1,27). If zt € fi(No(x,ux)), then, uz € No(x, ux), a contradiction. yiv1 ¢ E(G) by 
Claim 5. If viz € E(G), since y, zt € N*(y1), the two paths yr;u; and z*v; contradict with 
Claim 4; By Claims 2 and 4 , we have y ¢ N(y1, 27), ify € fi(No(a, ux)) then y~ € No(2, ux), 
by Claim 3 y~ ¢ N(x), so y~ € N(ug), then C’ = LUpC ya uy Cy~upCv x2 is a D —cycle 


longer than C, a contradiction. So we have z*,u1,y ¢ No(y1,27) U fi(No(a, ug)). Suppose 
8 € No(y1,27) 9 fi(No(2, ux))\{24*, y-, wed 

Now, we consider the following cases. 

(i) s€ yt Crp. If yis € E(G) and xs~ € E(G) then it contradicts with Claim 4. We put 


ru, C syy7 CurniyC sux Cut if yis,ugps € E(G); 
< < 
C'=¢ as~ CyriuiCzyiy~ CztsCuye if z+s,2s~— € E(G); 
cup, C sz+ Cy-yzOuaiyCs~ up Cua if zts,uzps~ € E(G). 


(ii) s€ UpC Wr-1- We have s € N~ (ux) since N(x) M (uz Cw) = ().Put 


xu, OC yriu1 Cy-yisC upst Cut if yis,upst € E(G); 


C= 
rv, OC yniu1 Czyy- CztsCupst Cuz if z+s,uzst € E(G); 


(iii) s € uCy72. If y1s,2s* € E(G) then contradicts to Claim 4. If yis,uzs* € E(G), 
then 


; < > a > 
C= arcupCyrusCsyy Cstup Cue 


-; 
is a D-cycle longer than C, a contradiction. If s € z* Cy~, we put 


< > ¢ > ; 
xs CztsCy-yzCunyy Cur if z+s,s~a2 € E(G); 


C= 
rR C yr1ur Czyy~ Cszt Cs-ux Cus if z+ s,s~u, € E(G). 
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= 
If s € uC z, we put 


xst Czyy- CztsCunyCne if z*s,ast € E(G); 


C= 
rv, C yr1U1 Cszt Cy-yzCstup Cus if zts,ups? € E(G). 


In any cases, C’ is a D-cycle longer than C, a contradiction. Hence, by Claim 5 we have 


[fi(No(a, ue)) U No(yi, 2*)| +3 
> |fi(Ne(z, ux))| + Noy, 27)|-3 +3 
& INCE) = 1, 


IV(C)| 


VoIV 


a contradiction. So N(y1) 9 (u Cy-2) =, 
Subcase 2 N(yi) (yur) =f). 


If not, we may choose z € N(y1)M (yC ux), such that N(yi)N (yGz-) =(). Therefore, we 
can define a mapping f2 on V(C) as follows: 


. > > => 
ut ifveuyCy*Uz Cwrz_1; 


=> => 
vu ify eytCz7Uut Cu; 
2 if v = vp; 
fo(v) = ; 
V1 if v = uk; 
z? ifu=y; 
U1 ifv=y 


Using a similar argument as above , we have | fo(No(x, ux))| > NC2(G). We consider No(y1, 27 )U 
fo(Ne(2, uz)), then vi,ut ¢ Ne(y1,2—) U fe(Ne(a,ux)), and No(y1, 27) 9 fo(No(a, ug)) © 
{y~, we}. In fact, v1 ¢ N(y1,27) by Claims 4, 5 ; if vr © fo(N(a,ug)) then up € N(x, ux), 
a contradiction; if uf € N(z~), then the paths yx;u; and z~uf contradict with Claim 5; if 
uf € fo(Nc(a,ux)), then uy € N(x,ug), a contradiction. So we have 11, uf,¢ No(y1,27) U 
fo(Ne(a,uxz)). For s € No(y1, 27) 9 fo(Na(a, ux))\{y~, we}, we consider the following cases. 


(i)Ifse us Cy. We have s € N(z7) since N(yi)N (ui: Cy-2) =). Put 


Ct = xs CuniyCz-sCy-pzCue if s-x € E(G); 


LU, C zyry7 C sz yriur Cs—up Cur if s~u, € E(G). 


(ii) Ifse€ uzC v1, then st € N(ux) since N(x) (uz C wr) =. Put 


< < > < > 
cupC zyiy” CuyayyCz~sCugst Cua if 27s € E(G); 


C= 
ru, C yr1u1 Cy-yisCupst Cure if yis € E(G). 


=> => 
(iii) If s € yCz~?, then we have s € N(z~) since N(y1)M (yC'z~?) =@. Put 


> ¢ < < ; 
xiyC sz CstavCzyy Curr if ast € E(G); 


C= ¢ < . => : 
cupC zyiy” CuyayyCsz~stupCuyx — if ups? € E(G). 
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(iv) Ifse€ z~ Cog. If yis,7s_ € E(G) then it contradicts to Claim 4. We put 


ru, C yy CurniyC sux Cuz if yis,ugs” € E(G); 
< < 
C'=¢ as Czyy~ CuniyCz7~sCuix if z~s,s-x2 € E(G); 
< < 
cup sz~ CyayurCy yizCs-upCuya if 278,87 up € E(G). 


In any cases, C’ is a D-cycle longer than C, a contradiction. Therefore, we have v1,u},¢ 
No(y, z~) U fo(No(z, ur)); and No(y, —) M fo(Ne(a, ux)) c 1; wr}. So 


IViC)| = |Neo(y,27) U fe(Ne(a, ux))| + 2 
> |No(y,27)| + |Neo(z, uz)| — 2+ 2 
> 2NC2G) —1, 


a contradiction with |V(C)| < 2NC2(G) — 2. Hence, N(yi)\{y~ } C (uz, Cur). 
Subcase 3 N(yi) (uz, Cur) =O). 


If not, we may choose z € N(y1)N (uz, Cu), such that N(y1)N (2+ Cu) = (). We define a 
mapping f3 on V(C) as follows: 


vu  ifve yt Cun U ut C2t; 

vt ifve Zt? Cy? 
faw=) 2 ifv=ug; 

Uk ifv=y; 

zt? ifu=y. 


Using a similar argument as above , we have |f3(No(z, ux))| > NC2(G). Moreover, z+,uf ¢ 
Neo(y1, 27) U f3(Ne(z, ux)), No(yi,27) A f3(No(az,ux)) C {y~, we}. In fact, clearly, z* ¢ 
Ne(y1, 27), if z+ € f3(No(a, ug)), then uz € No(x, ux), a contradiction; if uf € No(y1,2*), 
then uf € N(z*) since Ne(y1) NM (y-2 Cur) = §, so C’ = ayCzyy7 Cutzt Cua isa 
D ~-cycle longer than C, a contradiction; if uf € f3(Nco(a,ux)) then ui € No(a,ux),a con- 
tradiction; so we have zt+,uf ¢ No(y1,2+) U f3(No(z,ux)). Suppose s € Ne(y1,2t)N 
fs(No(x, ur))\{y~, we}. Now, we consider the following cases. 
(i)Ifse uC zt, then We have stu, € E(G) since N(x) M (uz, C we) =). Put 


ru, Cyr Cy-yisC ust Cure if yis € E(G); 


C= < > ¢ + > ; 
cup Cyxyur,Cy yizC stupCszt Cua if zts € E(G). 


(ii) If s € 2? Cw, then we have s~ux,sz* € E(G) since N(x) (uz C'wr) = N(y) 
(2+ Cv) =0. Put 


< < 
Cl = axupCyrumCy yzCugs— CztsCuax 


> => 
(iii) If s € uC y~?, then we have szt € E(G) since N(yi) N (ui Cy~?) = 0. Put 
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as CuniyCzyy- Cszt Cue if as~ € E(G); 


C= 
ru, C yr1u Os upCzyry7 Cszt Cue if ups” € E(G). 


(iv) Ifse€ yC Up, then we have szt € E(G) since N(yi)N (yCux) = ().Put 


xst Czyy- CurniyCszt Cuz if est € E(G); 


C= 
HC six Czyy- CunyCszt Cue if ups? € E(G). 


In any cases, O” is a D-cycle longer than C, a contradiction. Therefore we have No(y1, 27 )N 
fs(No(a, ur)) € {y~, we}. So we have 


IViC)| = |Ne(y,27) U fa(No(a, ue)| +2 
> |No(,27| + |No(z,ux)| — 242 
= 9NCI(C)=1, 


a contradiction with |V(C)| < 2NC2(G) — 2. Hence, N(yi)N (up Cr1) = 0). 
Thus, N(yi) = {y~}, which contradicts to 6 > 2. Therefore, we know that Nr(y~) = 0. 


So we have 
V(C)| = |F(Ne(#,ur))UNo(a1,y7)| +1 
2 |f(Ne(2, ux))| + |Ne(e1,y")|-2+1 
= |N(a,ux)\Nr(@, ue) +N (1,97 )\Nr(21,y)| - 1 
= |N(a,ux)|+|N(e1,y7)| -1 
> 2NC2(G) -1, 
=> => 
a contradiction. So we have N(a1)M (uf Cuz) = 0, hence, N(x1) C upC ur. 
Case 2 N(x1) A (uzCr1) = 0. 
Otherwise, since v1.71 ¢ E(G), we can choose y, y € UpC wR, such that N(x) (y+ Cv) = 


(. Therefore, we can define a mapping g on V(C) as follows: 


' lad 
v ifveulCy; 


ut ifve yt Cur: 
ifv= U1; 

y ifv=v. 
Using a similar argument as before, we have |g(No(z,ux))| > NC2(G), yt € g(Nc(a, ux)) U 
N(a1,y7) and g(No(x, ur)) A N (a1, y*) © {ur}. Hence, by Claim 6 we have 

IV(C)| = |g(No(@,ue)) UN(21,y7)| +1 

lg(Ne(x,ux))| +|N(e1,y*)| -14+1 
2NC2(G) — 1, 


IV 


IV 
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a contradiction. So N(a#1)/N (uz, Cv1) =. Then N(x1) = {ur}, which contradicts to 6 > 2. 


Claim 8 If a, € Nr(ui) and N(a1)N (ut Cur) # 0, then |{uput, y~ we} NM E(G)| = 1 for 


y € N(a1) N (ut Cug) with N(21) A (uf Cy7) = 0. 


First we have d(x1, y~) = 2 and |N(x1,y~)| > NC2(G).Let upuf ¢ E(G). Now we define 
a mapping f on V(C) as follows: 


=> => 
Vv” ifveuf?Cu Uut*Cy; 
‘ —* 
vt ifveyCwr-1; 
y if vu = uk; 
fw=\ y — ifv=ve; 
ut ifeau: 
1 ifv=uf; 


Up ifv=uy. 


Then |f(No(a,uxr))| = |Ne(a,ur)| => NC2(G) —1 by Claim 5. Moreover using a similar 
argument as in Claim 7, we have f(No(a,uxr)) MN N(a1,y_) C {we,ui,y}. But we have 
y_, V1, un € f(Ne(2, uxr))UN (a1, y~) by the choice of y Claims 2 and 4, respectively. Therefore, 
by Claim 5 we have 


IV(C)| = | f(Ne(a,ur))U Ne(a1,y7)| +3 
> |f(Ne(z, ux))|+|No(ai,y")|-3 +3 
> VNO1G) =o. 


So V(C) = f(Ne(a2,un)) U Ne(a1,y~) U {v1, y~, ux} by the assumption on |V(C)|, and in 
particular, f(No(x,uz)) I Ne(a1,y) = {we, 1, y}. Therefore, y~w, € E(G). Using a similar 
argument as above, we have if y~w, ¢ E(G), then ugu}? € E(G). 


Claim 9 There exists a vertex x with x ¢ V(C) such that Nr(ui) = Ne(wi) = 0. 


We only prove Nr(ui) = 9. If not, we may choose x ¢ V(C) such that min{t;} is as 
small as possible. By Claim 7, without loss of generality, suppose that t, = min{t;} for the 
vertex x. Let x1 € Nr(ui),v2 € Nr(ux). By Claims 2 and 3, # 4 21,%2;21 # vg. And 
by Claim 5 and the choice of x, we have N(a;) NM (ux C1) = @,fori = 1,2. Since 6 > 2, 
N(x) (ut Cur) # (). Choose y € N(a1)M (uz C vr) such that N(x) (uf Cy) = (), then 
d(a1,y~) = 2 and |N(21,y~)| > NC2(G). By Claim 8, we have uzuf or y~ wz € E(G). 

First we prove that N(x2)M (yC vr) = Q). If not, we may choose z € yt Cu, such that 
N (a2) M (z+ Cuz) =0 by Claim 5. Then d(z2, 2+) = 2 and |N (2x2, z+)| > NC2(G). Now we 
define a mapping f on V(C) as follows: 
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=> => 
v- ifveufCy Uzt?Cu; 
: => => 
ut ifvueyCz UupCur; 
y ifv=2z; 
vu, ifu=27; 


Uk if v = v4; 


y ifv=uy. 


Then |f(No(x2,27))| = |Ne(x2,2zt)| => NC2(G) —1 by Claim 5. Moreover using a similar 
argument as in Claim 7, we have f(No(x2,2zt)) A N(21,y~) © f{ur,y}. But y~,uz,u1 ¢ 
f(Ne(a2,2T)) U N(21,y~), otherwise, uizt € E(G) or y~vg € E(G) or ztwe € E(G) by 
Claim 5, and hence the D-cycle 


< 
uC zaqupCuyrupC zu, if uz? € E(G); 


C= urziyC uy Cup ux Cu, ify ure aoe ); 


rv, C 2t Wy C tipto2 C ve if ztw, € E(G). 


is longer than C, a contradiction. Therefore, by Claim 5 we have 


\V(C)| = |f(Ne(a2,27)) U Ne(a1,y7)| +38 
> |f(Ne(#2,27)) + |No(a1,y7)| -2+3 
> ONCIG) 1, 


which contradicts to that |V(C)| < 2NC2(G) — 2. So we have N(a2)N (yur) = (). Hence 
N(a2)(ut Cy) U {ug}. 

Now, we prove that N(a#2) M (uf Cy-) = (). In fact, we may choose z € uj Cy? 
with z € N(x) such that N(x2) (ut C27) =. (Since zgy~ ¢ E(G), otherwise, C’ = 
uy Cy rou ru, OC yrius is a D-cycle longer than C, a contradiction.) Then d(a2,z~) = 2 
and |N(a2,z~)| > NC2(G). We define a mapping g on V(C) as follows: 


. 4A 
uv ifveztCug; 
ae 
vt ifveu,Cz-?; 
vy, ifv=z; 


up ifv=2z-. 


Then we have |g(No(#2, z~))| > NC2(G)-—1 by Claim 5. Moreover using a similar argument as 
in Claim 7, we have g(No(a2,2z7))AN(a1,y~) © {ui}. But v1, uz ¢ g(No(a2, 27))UN (21, y7), 
otherwise since Uk g g(No(@2,27))UN (21, y~), wez € E(G) by Claims 2 and 4, and hence the 
D-cycle uy Cz- Wk C Upt2Z C Up@V 1 U is longer than C,, a contradiction. Therefore, by Claim 5 


we have 
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V(C)| = |g(Neo(@2,27))N N(a1,y7)| +2 
> |g(Ne(z2,27))| + |N(a,y7)| -1+2 
> 2NCIUG)—1, 


which contradicts to that |V(C)| <2NC2(G) — 2. So we have N(a2)M (ut Cy7) =, 
Therefore, N(x2) = {ux}, which contradicts to 6 > 2. 


Claim 10 For any « ¢ V(C),t; > 3. 


Otherwise, there exists a vertex z,a ¢ V(C), such that min{t;} = 2 by Claim 6. Note 
that the choice of the vertex x in Claim 9, we have Nr(ui) = Nr(w;) = 0 for the vertex 
x. Without loss of generality, suppose t; = 2, then NG(u1) No(wi) = {ui} by Claim 4, 
N(z)N Nt(a2) = @ by Claim 2, and NG(ui) N N(«) = N7(a)N No(wi) = O by Claim 3. 
Hence, NG (#,u1) 1 No(x, w1) = {ui}. We also have |No(x, u1)| > NC2(G) and |No(a, w1)| > 
NC2(G) since d(x, u1) = d(x, w,) = 2. Then 


V(C)| => |Ne(#,u1) U No(z, w1)| 
> |No(z,u)| + |No(z, w1)| -1 
> 2NC2(G) -1, 


which contradicts to that |V(C)| < 2NC2(G) — 2. 
k 
By Claim 10, we have |V(C)| =k + >> t; > 4k. Thus we get the following. 
i=1 


Claim 11 For any z,2 ¢ V(C), 


d(x) <! = (NC2(G) — 1)/2. 


Claim 12 u}u,; ¢ E(G), for the vertex z as in Claim 9. 


In fact, if uu; € E(G), then the cycle ut Cvjxv; Cujut is a longest D-cycle not containing 
ui, by Claim 9. Thus d(u;) < (NC2(G) — 1)/2 by Claim 11. So we have 


NC2(G) < |N(@, ua)| < d(w) + d(ui) < NC2(G) — 1, 


a contradiction. We choose x as in Claim 9, and define a mapping f on V(C) as follows: 


+ . Se ics 

v ifueumCr,; 
2 B= 

flv) v ifv Eup Cur; 

(08) o— 

uy, ifv=uUz; 

vy, ifv=uUp. 


Then |f(No(a,uz))| > NC2(G) and |No(a,u1)| > NC2(G) by Claim 10. Moreover, we 


have f(No(x,ur)) 1 No(a, u1){v2, 03,.--,Vk, We}. By Claims 2, 4, and 12, we also have 
ux ,ud,...,ug_1 € f(No(2, ur)) U No(z, ui). Therefore, we have 


Long Dominating Cycles in Graphs 107 


IV(C)| = |f(Nela, ux)) U No(@,u1)| +k -2 
> |f(No(2,uz))| +|Ne(x,u1)| —k+k-2 
> 2NC2(Q) —2. 


So 
VC) = f(No(2, un) U No (et) U {uz ud, ..., tg 4} 


by the assumption on |V(C)|, and in particular, 
f(No(a@, uk)) O No(a, ur) = {v2, U3,---, Uk, We}. 
Then upwr, upwe_-1 € E(G). 


Claim 13 k=2. 


If there exists v € V(C)\{v1, ve} , by partition of V(C), we have vt? € f(No(a,ux)) U 
No(a, ui)U{us uz ,...,uf_,}. Ifvt? © No(zx, ui), then vt?u; € E(G), and the cycle ut? Cue 
vCu isa D-cycle not containing vt by Claim 9. Thus d(vt) < (NC2(G) — 1)/2 by Claim 11. 
So we have 


NC2(G) < |N(z,vt)| < d(x) + d(ut) < NC2(G) - 1, 
a contradiction.So vt € N(x, ux), which contradicts to Claims 2,3. Hence we have k = 2. 


Claim 14 Each of the followings does not hold : 


1) There is u € uw Cr, such that utu; € E(G) and u~ug € E( 


) ( G). 
2) There is u€ wn, such that u~u, € E(G) and utuz € E(G). 

) 

) 


3) There is u € urCr1, such that ut w; € E(G) and uw € E(G). 
= 
4) There is u € u,C've, such that utw2 € E(G) and u~w, € E(G). 


( 
( 
( 
( 


If not, suppose there is u € uC v2, such that utu, € E(G) and u~uzg € E(G). We define a 
mapping h on V(C) as follows : 


vt ifve inna U utCw; 
v ifve ut Cnr; 
if v = v9; 

vy, ifv = ug; 

uy ifv=u; 

u ify=uf. 
Then |h(No(2, u2))| > NC2(G) and |No(a, u1)| > NC2(G). Moreover we have u, ¢ N(x, ui)U 
h(N(a@,u2)), and N(x,u1) ON h(N (2, u2)) C {vg,ut}. In fact, clearly uy ¢ N(a,u1), if ur € 
h(N(a,u2)), then u € N(a#,u2), a contradiction. Let s € N(x,u1) MN h(N(a2, u2))\{v2, u7}, 
ifs € ut Cv O N(x, ur) ON ACN (a, u2))\{v2,uT} then su; € E(G) and s~ug € E(G); or if 
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se ur Cwe AN(a,u1)Nh(N(a,u2)), then su; € E(G) and stuz € E(G), both cases contradict 
to Claim 3. So wu; ¢ N(ax,u1) Uh(N(a, u2)), N(@, U1) OA(N (a2, u2)) C {v2, ut}. Hence 


IV(C)| > |h(No(a#,u2)) UU Ne(a,u1)| +1 
> |h(No(2,u2))| + No(w,w)| —2+1 
& DNC Ie) =—1, 


a contradiction. Similarly, (2), (3) and (4) are true. 
Claim 15 N(uz) A (ui wy) = N(u1) N (u2C wz) = 0. 


If not, we may choose z € N(u2) NM (ui Guy), such that N(u2) M (u1Cz7) = (. then 
uz € E(G) (if not, uz ¢ E(G) then u2z~ € E(G) by partition of V(G), which contradicts 
the choice of z ) and N(u1)M (2+ Gu) =() (if not, we may choose s € N(u1)M (2+ Cw), such 
that N(w1) M (z+Cis-) = 0 since ztu; ¢ E(G). So s-u, ¢ E(G),by partition of the V(C), 
s-?ug € E(G). Which contradicts Claim 14 ) Moreover ub Cz C N(uyz), and zCrv C N(uz). 
Similarly , we have y € uz C we,such that u2y,uiy € E(G) and N(u1) 9 (ugCy7) = N(u2) 
(y+ Cw) =, yOu, C N(uz) and ut Cy C N(ug). 

Now we define a mapping g on V(C) as follows: 


=i 
vt ifvewCw 3; 
=> 
vu ifveu,Cuy; 
g(v) = 


vg if v= wa; 


wy ifv=vyX. 


Using similar argument as above , consider N(x,w1) U g(N(a, we)), there exists u € V(C), 
such that wu, wou € E(G) . Without loss generality, we may assume u € u; Cw 1, Moreover 
then N(w2) M (ut Cw) = N(wi)N (ui Cur) =), and vCu C N(wa), uCrvg C N(w}). Let 
u#z. Ifue zCu;, u_u2 € E(G) by partition of V(C) since uu, ¢ E(G), which contradicts 
to Claim 4 ; if u € 4 Cz, then C’ = rvgwyuC wy U2 Cusu- Cus is a D-cycle longer than 
C, a contradiction. If u = z, since z*?u, ¢ E(G), ztu2g € E(G) by partition of V(C), which 
contradicts to Claim 4. Hence N(u2)N (u1 Cy) =). Similarly N(ui)M (u2C wy) = 0). 
By Claim 15 we have 


Claim 16 If there exists z € 11 C v2, such that uaz € E(G), then uz € E(G) and ut Gz ‘Ss 
=> 
N(u1), Cw, C N(ug). similarly if there exists z € wn, such that uaz € E(G), then 
=> = 
uz € E(G) and ug Cz C N(ug), zC wg C N(u1). 


Proof of Theorem 5 


Now we are going to complete the proof of Theorem 5. We choose x as in Claim 9. By 
Claim 13, we know that k = 2. 

First we prove that there exists u € V(C) such that u;,u2 € N(u). If there is not any 
u € V(C)\{ve, wi, uz} such that ugu ¢ E(G), then wy ui € E(G) (if not, wy?u2 € E(G) by 
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partition of V(C)). If uw: € E(G) then ugw,; € E(G), so we have ui, u2 € N(wy ); if there 
is u€ V(C), such that ugu € E(G) then, by Claim 16, uju € E(G), hence ui, ug € N(w). 


By Claim 16, clearly, there are not z € wCw, ye urCwe, such that yz € E(G). 
So we have G € %. The proof of Theorem 5 is finished. 
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